We present an application of the frequency map analysis to an elliptical galaxy which is represented by a generalization of a double-power-law spherical mass model. The density distribution of this model varies as r ¹g close to the centre and as r ¹4 at large radii. We study the case with g ¼ 1, which is known as the 'weak-cusp' model and which represents well the density profile of the 'core' galaxies observed by the Hubble Space Telescope. The final objective of our work is to improve our understanding of the dynamics of elliptical galaxies in a similar way to Merritt & Fridman, finding the regions of stochasticity, looking for resonances that might play an important role in sustaining the triaxial morphology, and analysing the diffusion of orbits. To this end, we use the frequency map analysis of Laskar, which has been applied widely in the field of celestial mechanics but which is a relatively new technique in the area of galactic dynamics. Finally, we show some useful features of this method in understanding the global dynamical structure of the system.
I N T R O D U C T I O N
The actual three-dimensional shape of elliptical galaxies has been a topic of active discussion in the last few decades. The information lost owing to the fact that the observed image is projected on to the plane of the sky makes it difficult to determine whether elliptical galaxies are prolate, oblate or triaxial. The early picture that dynamicists had was that these systems were oblate spheroids with their morphology sustained by rotation. Subsequent observational evidence changed the perspectives on the field, since it showed that elliptical galaxies rotate much more slowly than necessary to explain their flattened configuration (Bertola & Capaccioli 1975; Binney 1978) . After this discovery, the hypothesis that elliptical galaxies are generally triaxial ellipsoids supported by an anisotropic velocity dispersion became widely accepted.
The successful (numerical) construction of self-consistent triaxial models published by Schwarzschild (1979) also contributed to accepting the idea of the existence of such a morphology as a general feature of elliptical galaxies. In opposition to all these arguments, some studies concluded that few, if any, elliptical galaxies needed to be strongly triaxial (Merritt 1992) .
In this context dynamicists received with great interest new data obtained by ground-based (Moller, Stiavelli & Zeilinger 1995) and space telescope (Crane et al. 1993; Jaffe et al. 1994; Ferrarese et al. 1994; Lauer et al. 1995) observations. The surface brightness profile obtained by high-resolution surveys led Ferrarese et al. (1994) and Lauer et al. (1995) to classify elliptical galaxies into two classes, depending on their central luminosity distribution:
'core' galaxies, where the density raises proportionally to r ¹1 (or even less steeply); and 'power-law' galaxies, with a stellar density increase approximately proportional to r ¹2 . Although this division of elliptical galaxies into two different types might be just an effect of projection, and both kinds of galaxies could have just power-law spatial density cusps with power-law indices in the range 0 to -2 (Merritt & Fridman 1995) , the dynamical consequences generated by central mass concentrations cannot be neglected.
The presence of a central cusp affects principally orbits that pass through the centre, or close to it, as clearly demonstrated by Gerhard & Binney (1985) . This means that the family of box orbits will suffer profound effects which can involve the destruction of two of their three integrals. A star moving in a box orbit will describe deflections at each path close to the centre, which can be considered as a transition from one box orbit to another. Consequently, the time-averaged density distribution of such an orbit will be more spherical than that corresponding to the original trajectory. This fact has an impact on the overall structure of the system and suggests that a triaxial galaxy with a high central mass concentration might not be a stationary configuration.
One of the fundamental problems in stellar dynamics is the construction of self-consistent models by using the orbital structure supported by the potential. In general, this structure will contain regular and irregular (chaotic) orbits. Regular orbits seem, at first sight, more suitable than chaotic ones as the building blocks of the system: they are better confined in configuration space, allowing the generation of a larger variety of figures, and they do not diffuse, an important property for equilibrium configurations of long-lived stellar systems. However, it is now clear that realistic density distributions for elliptical galaxies contain a significant fraction of stochastic orbits, and their contribution to the overall structure cannot be neglected. Furthermore, chaotic orbits may also have a structure (see e.g. Merritt & Valluri 1996) , and they should be taken into account when constructing models by superposing individual trajectories. In fact, Schwarzschild (1993) found that (self-consistent) solutions could not always be constructed using only regular orbits. Unlike in regular regions of phase space, there is only one invariant density at each energy in chaotic phase space, and this reduces substantially the freedom to construct triaxial models. Thus a detailed knowledge of the orbits present in the system should be extremely useful in finding self-consistent solutions, and should certainly help in a better understanding of the equilibrium of elliptical galaxies.
In this paper we are interested in studying the orbital structure of a model that resembles as much as possible the mass distribution of real elliptical galaxies. As stated before, it is not absolutely clear whether they respond to an axisymmetric morphology or a triaxial one. Therefore we adopt, for this work, a triaxial model which respects the space telescope observations mentioned before, assuming elliptical galaxies to be systems with central density cusps. The mass density distribution is taken as a triaxial generalization of a well-studied family of spherical models (Veltmann 1981; Saha 1993; Dehnen 1993; Carollo 1993; Tremaine et al. 1994 ) with the central cusp slope set to an intermediate value. For the sake of brevity, we will call them 'g-models'. This model was also studied by Merritt & Fridman (1996, MF96 hereafter) , and we compare our results with those obtained by them.
The technique adopted by us to take on the study of the orbital structure of the system is the frequency map analysis developed by Laskar. This method is widely used in celestial mechanics but has just begun to be applied to stellar dynamics. It appears to be very useful according to the work published so far by Papaphilippou & Laskar (1996b) , and we make use of it to study a particular g-model. We outline the principal features of frequency map analysis in the next section, remarking upon some practical aspects of its implementation. The g-model is described in Section 3, where some basic formulae show the potential and the force generated by the mass distribution, as well as the choice of the parameters and units adopted. The numerical experiments are presented in Section 4, describing what initial conditions are assumed and how we computed the fundamental frequencies. Section 5 shows the results in relation to the nature of the orbits studied, the main resonances present at each energy level and the diffusion of orbits after 5 Gyr. Finally some discussion is presented in Section 6, relating our results to previous work done by other authors.
F R E Q U E N C Y M A P A N A LY S I S
Frequency map analysis is a numerical method for analysing the stability of orbits in a conservative dynamical system. It was developed to study the global dynamics of the Solar system (Laskar 1990; Laskar, Joutel & Robutel 1993) , and it has been demonstrated to be very useful in that respect. Recently Laskar and collaborators have begun to apply the method to some simple models related to elliptical galaxies and represented by a logarithmic potential with two degrees of freedom (Papaphilippou & Laskar 1996a ). This dynamical system has been studied widely (Binney & Spergel 1982 , 1984 Magnenat 1982; MiraldaEscudé & Schwarzschild 1989; Lees & Schwarzschild 1992) and is a good starting point to see the information that may be extracted from the system with this method. The results of Papaphilippou & Laskar's work show many interesting global features of the system, revealing the most important resonances with their actual strength in frequency space.
The detailed description of frequency map analysis has been published elsewhere (Laskar 1992 (Laskar , 1993 ), so we should just mention the most important aspects of this technique. First, we have to construct a quasi-periodic approximation of a complex function f ðtÞ formed by parameters describing the motion of the star, and determined by usual numerical integration. Once the representation of f ðtÞ is obtained, and if the system is non-degenerate, we can construct the frequency map. We retain the frequency vector ðn 1 ; n 2 ; . . . ; n n Þ of the proper frequencies of the integrable part of the system. Then, if we keep all the angle-like variables fixed, we are able to establish a correspondence between the action-like variables I ¼ ðI 1 ; I 2 ; . . . ; I n¹1 Þ and the frequency rotation vector n ¼ ðn 1 =n n ; n 2 =n n ; . . . ; n n¹1 =n n Þ. This correspondence is what is known as frequency map analysis, and it is essential for the understanding of the dynamics of the system. Regular regions of the phase space allow a very accurate estimation of rotation numbers in a given time interval, and should not differ (up to the accuracy of the determination) from the rotation numbers obtained in another time interval. On the other hand, chaotic regions just allow an instantaneous estimate of rotation numbers, varying widely among different time intervals. Thus the study of this map with respect to its constancy in time provides important clues about the dynamics of the system.
T H E M O D E L O F A N E L L I P T I C A L G A L A X Y
We adopt as our model of the mass distribution a generalization of the spherical models studied by Veltmann (1981) , Saha (1993) , Dehnen (1993) , Carollo (1993) and Tremaine et al. (1994) . This generalization consists of allowing the system to be triaxial rather than spherical. Thus the density is given by
where
and M is the total mass. We see that the value of g defines the slope of the central density cusp, and that the mass is distributed on ellipsoids with axial ratios a:b:c. We adopt g ¼ 1, a value suggested by Hernquist (1990) , which is in accordance with recent Hubble Space Telescope observations (the range of g observed for different galaxies varies from g Ϸ 0 to Ϸ2). The gravitational potential of such a system may be calculated using Chandrasekhar's theorems (Chandrasekhar 1969) for
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By knowing the gravitational potential of our system, we may calculate the gravitational forces:
for i ¼ 1; 2; 3; where a 1 ϵ a; a 2 ϵ b and a 3 ϵ c.
The expressions obtained for the potential and the force should be transformed before using them in the numerical integrations. The details of such a transformation are very clearly described by MF96, section 2.
Finally, in order to compare our results with those of MF96, we set the axial ratios to
which means that we study an E5 maximally triaxial model of an elliptical galaxy. The units adopted to run our numerical experiments are such that
N U M E R I C A L E X P E R I M E N T S
The integration of the equations of motion is performed using a variable-time-step Runge-Kutta-Fehlberg algorithm (Fehlberg 1968 ) of order 7/8. The accuracy of the integration is determined by some coefficients that estimated the absolute and relative error at each step, so that the energy is conserved typically for a few parts in 10 9 after the whole run. All our numerical experiments are run for 75 dynamical times T D , defined as the period of the 1:1 resonant orbit in the x-y plane. Table 1 summarizes the dynamical times for the equipotential shell in each experiment.
To analyse the nature of each orbit we apply frequency map analysis to the following sets of (complex) variables:
. . . ; n; ð9cÞ where x; y and z are the Cartesian coordinates, X; Y and Z are the associated velocities, and n is the number of trajectory samplings in each time-series that we take from the trajectory. Each set, f ; g or h, generates a quasi-periodic approximation as described in Section 2 and we save from this representation the frequency n k ð 0Þ with the maximum amplitude ðja k jÞ. We will call this frequency the fundamental frequency ðn x ; n y or n z Þ of the system in that direction.
Initial conditions are taken on equipotential shells, with the velocities set to zero. By symmetry, it is just necessary to distribute the starting points on one octant. We then divide this 'stationary starting space' in to a grid described by Schwarzschild (1993) , on four different equipotential shells as summarized in Table 1 . The equipotential octants are divided into three sectors containing 625 cells -instead of the 100 cells used by Schwarzschild -for a total of 1875 cells per shell. This starting space contains all box orbits, which may pass arbitrarily close to the centre, and boxlets. Thus it is very interesting to concentrate on this set of initial conditions, since they are the most affected by the presence of a central density cusp.
For each initial condition, we proceed in the following way.
(i) We integrate the equations of motion for 75 dynamical times (T D ) and then apply FMFT to two overlapping intervals, ½0; 50T D ÿ and ½25T D ; 75T D ÿ, estimating the fundamental frequencies in the directions of the x-,y-and z-axes by means of the variables f ; g and h, respectively. (The frequencies are calculated with a precision of one part in 10 9 .) These two sets of fundamental frequencies will be denoted by fn x ; n ð2Þ y ; n ð2Þ z g, corresponding to estimations in the first interval, ½0; 50T D ÿ, and in the second one, ½25T D ; 75T D ÿ, respectively. If the fundamental frequencies correspond to a regular orbit, they should remain constant with time, a property which is not seen for chaotic orbits, since they do not allow the same quasi-periodic representation for different time intervals. Thus we will use this criterion of constancy of the representation to analyse the nature of each orbit.
(ii) Since we know the values of the fundamental frequencies, we may study possible resonances between them. This aspect is important, since resonances play a fundamental role in defining the global dynamics of the system. Stable periodic orbits generate families which may dominate the orbital structure at certain energy levels. These families may be combined in such a way as to reproduce the desired mass distribution, and thus they constitute real building blocks to find self-consistent solutions. Therefore we will analyse the presence of resonances at each equipotential shell, limiting the research to the low-order cases, and using the criterion described in Section 5.2. (This study also allows us to find additional information about the 'regularity' of the phase space, as we will show later.) (iii) It is possible to study the 'diffusion of orbits' by means of frequency map analysis and the adequate representation of the fundamental frequencies provided by FMFT.
R E S U LT S
In this section we show the results obtained by application of the frequency map analysis, studying the main resonances in each shell and trying to build a 'picture' of the diffusion of irregular orbits.
Regularity in the stationary starting space
The first aspect that we want to study in the sets of initial conditions is the nature of each trajectory. The difference between the fundamental frequencies estimated for each interval is used as the indicator of regularity (or not) of the orbit. We combine these quantities in the following way: 
where the superscripts (1) and (2) correspond to the estimations in ᭧ 1998 RAS, MNRAS 298, 22-32 the first and second intervals, respectively. Thus, computing dF T , we obtain information about how long the quasi-periodic approximation is valid. It is worth recalling that, if an initial condition corresponds to a regular region of the system, the fundamental frequencies should remain constant and, consequently, dF T should be close to zero. Figs 1(a)-(d) contain contour plots of the logarithm (in base 10) of this indicator for shells 1, 2, 3 and 4, respectively. The darker zones correspond to the more regular regions and, therefore, to the minimum values of the indicator. Fig. 1(a) , representing the innermost equipotential shell, shows different levels starting at a value of -9 (in the centre of the darkest regions, corresponding to dF T ¼ 10 ¹9 ) with a maximum level of -2. The main point is how to determine the limiting level which separates regular from chaotic regions. Initial conditions for which the fundamental frequency varies by one part in 10 3 are well beyond the precision of the estimation of the frequencies, and we consider these trajectories as chaotic. (We have also looked at some plots of the orbits in configuration space to verify this statement.) Close to the other extreme of the scale, for dF T Ϸ 10 ¹7 , we consider the orbits as regular and check this in configuration space as well. Between these values we have to study the behaviour of each trajectory in more detail to determine whether or not there is a 'limiting level'. A better alternative is to combine the information provided by dF T with the study of resonances, and we will do that in the following subsection. Fig. 1(a) shows a great variety of regions, with 'islands' of regularity in a 'sea' of stochasticity. The regular zones are spread across the octant, diminishing in number and in extent as they approximate the z-axis. When we look at shell number 2 (Fig. 1b) , it can be seen that most islands become smaller, with just one exception: the x-axis neighbourhood, where the regular region grows. This situation repeats itself for the outer shells (Figs 1c  and d) , and we see a monotonic increase of the chaotic sea for less
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Resonances
It is possible to achieve a better understanding of these 'maps' by analysing them in combination with the resonances of the fundamental frequencies, which is done in this subsection. In order to extract more information from the previous figures, we may combine these data with a study of the resonances present on each shell, which means, in practice, that we take two fundamental frequencies and test whether they satisfy a relation of the form an i þ bn j ¼ 0; ð11Þ with a and b integers. We impose an upper limit to the order of the resonance tested: jaj þ jbj Յ 20; ð12Þ i.e. we will not be able to detect higher order commensurabilities. squares stand for n x =n z ¼ 1=2; five-pointed stars for n y =n x ¼ 4=3; empty upwards-pointing triangles for n x =n z ¼ 2=3; filled right-pointing triangles for n y =n x ¼ 1; filled left-pointing triangles for n y =n x ¼ 6=5; six-pointed stars for n y =n x ¼ 9=7; filled downward-pointing triangles for n x =n z ¼ 7=10; circles for n y =n x ¼ 8=7; filled upwards-pointing triangles for n y =n z ¼ 7=9; diamonds for n x =n z ¼ 5=8. Tiny dots represent minor resonances. No symbol at all means no resonance found for that initial condition.
Downloaded from https://academic.oup.com/mnras/article-abstract/298/1/22/976299 by guest on 15 November 2018 (symbol) convention for the pointing direction of the triangles appearing in Fig. 2 : upwards (K), downwards (L), right (M) and left (N). Let us start with the simplest case and describe the structure of the outermost shell (Fig. 2d) . The most relevant feature of this energy level is the existence of a main resonance -represented by squares and involving 26 per cent of the total number of initial conditions -corresponding to a 1 : 2 relation between fundamental frequencies in axes x-z. There are also other resonances present in Fig. 2(d) , represented by tiny dots. We do not describe them in more detail since they are minor groups (in total, they involve less than 2 per cent of the initial conditions), and are less relevant for the global dynamics of the system.
When we study more bound orbits, the structure of resonances in the stationary starting space gains complexity. Fig. 2(c) (shell number 3) shows the resonant initial conditions using a small set of symbols to differentiate them. As in Fig. 2(d) , squares are also present, symbolizing the (x-z) 1: 2 resonance. Now, however, besides the dots that stand for minor commensurabilities, we see other symbols: stars representing a 3: 4 resonance in x-y, filled right-pointing triangles standing for a 1: 1 resonance in x-y, just to mention some of them. Clearly the most important orbits in this energy level are still the 'x-z bananas' (squares). The region dominated by them has become a little smaller than in the outermost shell, involving about 18 per cent of the total initial conditions. On the other hand, minor (dots) and 'secondary' (symbols different from squares or dots) resonances increase their importance, adding up to 4.5 per cent of the orbits studied.
The situation repeats itself for shell number 2, Fig. 2(b) . We see that, in this layer, resonance 1: 2 in x-z becomes smaller, involving now just 8.7 per cent of the total. (This represents about one-third of its presence in the outermost shell.) Previously described secondary resonances are approximately as important as they were before, and some new resonances appear as well, the 2: 3, in x-y (upwardspointing triangles), being one of the more relevant groups. We also see in Fig. 2(b) two regions with superposition of symbols, which means the existence of resonances between the three fundamental frequencies. The upper left region (superposition of six-pointed stars and filled downwards-pointing triangles) corresponds to a 7: 9: 10 commensurability; the lower right zone (diamonds and filled left-pointing triangles) relates to a 5: 6: 8 resonance. From the figure the increasing importance of minor and secondary resonances, which already contain 8 per cent of the total initial conditions at this energy level, is apparent.
Finally, Fig. 2(a) shows the resonances present in the innermost shell. The general structure of this layer is rather different from that of the outer shells, where the x-z bananas dominate the stationary starting space. This time, the 2: 3 resonance in x-z, which first appeared in shell number 2, turns out to be the most important (empty upwards-pointing triangles, 11 per cent of the total), while the 1: 2 resonance (in x-z) is just a secondary group containing about 4 per cent of the total initial conditions. Some of our previous secondary resonances disappear, as well as the two 'triple commensurabilities' described before, but, on the other hand, new groups become evident by their superposition of symbols.
As we have stated before, it is possible to combine this information with that given by Fig. 1 , in order to obtain a better understanding of which are the regular regions of the system and which are the chaotic ones. The key point arises from the 'boxlets', that is, periodic box-like orbits that might be stable or unstable (see e.g. Miralda-Escudé & Schwarzschild 1989 ). In our system, we find some examples of them: the 1: 2 ('bananas'), the 3: 2 ('fishes') and the 4: 3 ('pretzels'). They all avoid the centre of the system, in opposition to the behaviour of the so-called box orbits. The existence of stable box-like orbits has important dynamical consequences, since they can generate families of regular orbits that might be fundamental in constructing a self-consistent model for a triaxial elliptical galaxy. All the main boxlet families mentioned previously have as their parent a stable periodic orbit (see MF96), and thus they represent a regular portion of the system.
We may now compare Figs 1 and 2 in order to determine whether we can find a limiting level between regular and irregular regimes. By a careful analysis of both figures we suggest that the level of log 10 ðdF T Þ ¼ ¹5 represents the best choice for that, since it traces fairly well the different islands of resonant orbits. The distribution of regular and irregular orbits determined by this criterion agrees mostly with the results shown by fig. 4 of MF96.
Interestingly, we see that there are other regular regions besides the portion of the stationary starting space occupied by regular boxlets. They could be populated by higher order resonances that we did not reach because of our restriction jaj þ jbj Յ 20, or by regular orbits that do not satisfy a commensurability relation between fundamental frequencies. MF96 also encountered regular zones outside the resonances, especially in the inner shells.
Finally, we should mention a couple of differences between the resonances detected by us and those found by MF96: (1) looking at our Fig. 2 (a), boxlets 2: 3 (in x: z) seem to be very important in shell number 1 (shell numbered 4 by MF96) and not that important in shell number 2 (shell 8 in MF96), although in this latter case they cover a region larger than the one detected by MF96; (2) we do not find resonance 3: 4 (in x: y) in shell number 4, neither in the position nor with the size reported by MF96; instead, we find just an extension of the 1: 2 region at that location in our starting space.
Diffusion
The resonances mentioned before can also be studied via a convenient representation developed by Laskar (see e.g. Dumas & Laskar 1993) , and we will also be able to see the diffusion of chaotic orbits that are present in the system. We devote this subsection to the study of these topics.
The global dynamics of the system can be analysed graphically in the complete frequency map formed by the plane ðn x =n z ; n y =n z Þ, where n x =n z and n y =n z are rotation numbers of fundamental frequencies. To obtain the rotation numbers we use the fundamental frequencies computed for the first interval mentioned before, that is, the results of the FMFT algorithm applied to the interval ½0; 50T D ÿ. Each point in this plane corresponds to one initial condition. Figs 3(a)-(d) show this representation for shells 1, 2, 3 and 4, respectively.
Let us concentrate on Fig. 3(a) , which gives us a global picture of the dynamical structure of the innermost shell. We notice an interesting distribution of the points corresponding to different initial conditions. Some of these points align themselves on lines of the form an x =n z þ bn y =n z þ g ¼ 0 (where a; b and g are integers), which are a result of the coupling between fundamental frequencies. Points that do not lie on a coupling line are spread in a very disordered way. There are some particular cases of resonant lines running parallel to an axis (having a or b equal to zero), which means that the coupling is just between two fundamental frequencies. In Fig. 3(a) we see three of these cases: n y =n z ¼ 1 and n x =n z ¼ 1=2; 2=3, i.e. the lines (0, 1, -1), (2, 0, -1) and (3, 0, -2), respectively, the latter two resonances being the more relevant shown by Fig. 2(a) . Note that the line n y =n z ¼ 1 corresponds to a
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Although we need Fig. 2 to relate resonances to different regions of the stationary starting space, Fig. 3 seems to be better if we wish to build a quick picture of the global features related to couplings between fundamental frequencies. In fact, this complicated network of resonant lines illustrates the Arnold web of the system (see e.g. Lichtenberg & Lieberman 1992) .
In order to emphasize the presence of each line in Fig. 3(a) , we have extended them using dashed lines, labelling them with their corresponding ða; b; gÞ set of constants. We have just labelled the most evident resonances. Lines with g ¼ 0 have a particular property: they involve a resonance between n x and n y . The intersections of resonant lines are periodic orbits which can be identified by the two rotation numbers [the most visible example of a periodic orbit in Fig. 3(a) is the 3: 4: 5 crossing, i.e. n x =n z ¼ 0:6 and n y =n z ¼ 0:8].
The 'regularity' of the map contains important information about the nature of the studied orbits. Orderly arranged points are related to regular areas in the phase space, where initial conditions lie on almost invariant tori. In particular, initial conditions mapped on to a line of resonance are clearly describing the existence of a stable periodic orbit. Scattered points correspond to the chaotic region of phase space. The quasi-periodic representation is no longer valid for these initial conditions, and the rotation numbers of any two neighbouring phase-space points differ randomly among themselves. Unstable periodic orbits appear in the rotation number diagram as empty gaps. Fig. 3 of Papaphilippou & Laskar (1998, hereafter PL98) shows similar representations for the logarithmic potential with three degrees of freedom. In particular, we see that most of the resonance lines detected by them are also present in our model. The clear difference between our Fig. 3 and their fig. 3 
Downloaded from https://academic.oup.com/mnras/article-abstract/298/1/22/976299 by guest on 15 November 2018 logarithmic potential is a lot more regular outside the lines of resonance. Since we analysed 1875 initial conditions and PL98 analysed 10 000, it is possible that our system appears as more chaotic (in Fig. 3a) than it really is, just because of the smaller number of initial conditions that we took. However, it is also reasonable to expect that our system should be more chaotic than the softened logarithmic potential. Fig. 3(a) suggests that every region outside the lines of resonance is chaotic. We will return to this point later. Fig. 3(b) is very similar to Fig. 3(a) , and the previous comments apply. We do not include the dashed lines since no new resonances are evident. Some lines seem to be better defined, like (1, 2, -2), while others seem to be wider [e.g. (3, 0, 2) and (2, 1, -2)]. All resonant lines appearing as bold lines on the map are the consequence of taking initial conditions that lie on elliptic resonant tori (the generalization of elliptic islands of stability in systems with three degrees of freedom).
The diagram begins to change in the outer shells where resonances weaken (Fig. 3c) , and finally almost every line disappears, with just the n x =n z ¼ 1=2 resonance remaining. Note the different scale used for Fig. 3(d) .
It would be interesting to study what happens to Fig. 3(a) when we take a number of initial conditions comparable to those taken by PL98. As we stated before, there is a chance that our system appears to be more chaotic (in Fig. 3a) than it really is, just as a result of the smaller number of initial conditions taken. Therefore we repeated the experiment for shell number 1, this time dividing the equipotential octant into three sectors of 58 2 cells, for a total of 10 092 cells per shell. The resulting map is shown in Fig. 4 . Some interesting features, not present before, become evident now. First, we see some new resonant lines that we could not resolve with the set of fewer initial conditions [the (1, 3, -3) and (3, 1, -3) lines]. They are weak but clearly present. Secondly, there are resonances traced in the diagram by empty gaps [e.g. lines (1, -2, 1) and (2, -3, 1)] corresponding to unstable periodic orbits. These gaps (also) could not be 'resolved' in Fig. 3(a) . Thirdly, although we plotted approximately the same number of initial conditions as PL98, our system appears to be much more chaotic than the triaxial logarithmic potential, explicitly describing the strong non-integrable nature of the particular g-model distribution used by us. For these initial conditions, the quasi-periodic approximation is no longer valid.
There are a few regions that seem to escape from the complete disorder, suggesting some regularity. The close neighbourhood of a couple of resonant lines [i.e. (1, 2, -2) and (1, 3, -3)] shows some order, although confined to very narrow strips. We should study particular orbits in more detail in order to confirm the regularity (or otherwise) of different portions of the 'rotation number plane': that is, we should follow the behaviour of the fundamental frequencies of each initial condition with time. If the fundamental frequencies do not change with time, the point corresponding to that condition (Fig. 4) should remain fixed along the integration and we would conclude that the initial condition corresponds to a regular orbit. On the other hand, if the frequencies do change with time then we would see the diffusion of a chaotic orbit represented by a line (a succession of points) in the rotation number diagram. To do this with a large set of initial conditions would be an extremely tedious (and inefficient) way of analysing each region of Fig. 4 . Instead, we will combine the information contained in Fig. 4 with that given by the indicator of regularity defined by equation (10), analysing some orbits just to verify the particular behaviour in that region of the rotation number diagram. Fig. 5 shows the same points as Fig. 4 (this time as tiny dots), but we have superposed a contour plot based on our indicator dF T , computed over the interval ½0; 50T D ÿ, and we have studied some initial conditions distributed on different regions of the diagram. As in Fig. 1 , darker zones correspond to smaller values of the indicator. In particular, we have surrounded the (presumably) regular regions by the log 10 ðdF T Þ ¼ ¹5 level curve.
1 The first relevant feature of Fig. 5 is the fact that regularity 'islands' are not dispersed homogeneously in the rotation number plane. They are very numerous in the lower left part of the plot, showing a general feature of increasing regularity at decreasing rotation number. The same feature is observed in PL98's fig. 3 , for box orbits in the 'moderately perturbed' logarithmic potential. Some islands are aligned with the resonant lines but, in general, they show a discontinuity at the crossings of different resonances [clear examples of this fact are the intersections of (3, 0, -2) and (2, 1, -2) with (3, -1, -1)].
To test the accuracy of the general structure given by the contour plot in Fig. 5 , let us study a few (33) particular initial conditions. We would like to see the trajectory described by each initial condition in the rotation number diagram when integrated for about 5 Gyr (3250T D for shell number 1). The results of this analysis are also plotted in Fig.  5 , where we label the orbits studied by numbers going from 1 to 33. As stated before, if the integrated orbit stays as a point in Fig. 5 we conclude that there is no diffusion for that particular region; in contrast, if we obtain a succession of points as a result of the integration we verify that diffusion is present and that the orbit is chaotic. According to the contour plot, initial conditions in regular regions (e.g. 15, 16, 17, 23 and 19) do not show any diffusion on the rotation number plane, confirming its dynamical nature. On the other hand, orbits starting in regions with rotation numbers lying outside regular islands (e.g. 8, 9, 18, 29, 30, 32) clearly diffuse along the whole integration, showing that they are chaotic. Most resonant lines seem to be regular while not close to an intersection of resonances. This is especially clear when looking at line (3, ¹1, ¹1), where we find
The orbital structure in elliptical galaxies 29 ᭧ 1998 RAS, MNRAS 298, 22-32 regularity at trajectories 1 and 20, but irregularity at conditions 24 and 26, where the line intersects the (1, -2, 1) and (1, 2, -2) resonances, respectively.
Resonant line (1, -2, 1) appeared in Fig. 4 as a broad empty gap, and we can see the effects of such an unstable periodic orbit on initial conditions 8, 10, 11, 24 and 30, where the diffusion of each orbit is considerable.
In each case, the contour plot successfully predicts the nature of each orbit. There is just one initial condition that seems to disagree with the expected behaviour for that region of the rotation number plane: condition number 3. After some detailed analysis of the region we conclude that the problem arises in the gridding process owing to the uneven sampling of that particular region of the diagram. Thus we emphasize that we must take the contour plot as a guide, always being careful when interpreting the plot in zones with a lack of data.
Finally, we want to point out the importance of Fig. 5 in allowing us to build a picture of the dynamics of the entire system. The g-model distribution shows a much more chaotic orbital structure than the logarithmic potential studied by PL98, and it was necessary to use our indicator dF T to extract more information from Fig. 4 . The analysis of certain initial conditions was just meant to test the contour plot and, since we have verified the consistency of its information, it is not necessary to examine single orbits further.
D I S C U S S I O N
In this section we discuss all these results, comparing them with previous work carried out by other authors.
We have presented some results of the orbital structure of boxlike trajectories in a realistic, and maximally triaxial, model of an elliptical galaxy. This work was designed to confirm some interesting features found by Merritt & Fridman (1996) for triaxial galaxies with central density cusps. In particular, we were interested in the determination of the nature of orbits in the Schwarzschild stationary starting space, where the central cusp affects the trajectories more strongly. The technique adopted by us to take on this task was the frequency map analysis, which is a very powerful tool giving important information about the dynamics of the system. The first conclusion that can be extracted by comparing MF96's paper and our results is that there is quite a good agreement between both works in, at least, two respects: the relative importance of stochasticity, and resonances present at each energy level. MF96 required longer integrations (100T D ) than us in order to construct the Lyapunov characteristic number statistics and to draw some conclusions about the nature of the initial conditions. The agreement between both studies in this respect confirms that stochasticity was underestimated in most of the studies previous to MF96. It is also important to mention that, although different indicators might agree well amongst themselves, frequency map analysis has an advantage over classical methods in that it provides a global view of the dynamics of the system without the well-known practical and conceptual difficulties of Lyapunov exponents.
How would the stochasticity of the orbital structure change if the triaxial galaxy model were set into a slow figure rotation? Figure  rotation modifies the classification of orbits, leading e.g. box orbits at small radii to become loops, thus tending to avoid the central cusp. This fact, as well as the broadening of the waists of box orbits (Collett, Dutta & Evans 1997) , might assist the survival of triaxiality, but we have to keep in mind that an orbit does not need to pass exactly through the centre in order to be stochastic. On the other hand, figure rotation introduces strong stochasticity at energies near corotation (see e.g. Contopoulos 1983 ). The relative importance of each process has not yet been well explored, but rotation might conceivably produce important changes in the degree of stochasticity at least in two regions: the centre and the near-corotation zones. The final impact of these changes on the morphology of the whole system is an open subject that has yet to be investigated.
Resonances are presented here by means of two different representations. The first one, in Fig. 2 , allows us to relate resonances to particular regions in the stationary starting space. The second one, in Fig. 3 , carries very important information about triple commensurabilities, periodic orbits, and the nature of resonances, and may also be used to study the diffusion of orbits. Fig. 3 also gives a very quick (and easy) view of major and minor resonances present at each equipotential shell.
The use of contour plots that combine the information given by the indicator dF T and the representation on a rotation number plane can be extremely useful, as shown by Fig. 5 . The superposition reveals regularity in some regions where the disorder of points would rather suggest the existence of chaos.
It is interesting to compare our results with those obtained by Papaphilippou & Laskar (1998) 
where R c is a softening constant and q 1 and q 2 are the axial ratios. PL98 used R c ¼ 0:1 and studied different configurations by changing the form parameters q 1 and q 2 . By comparing their rotation number plots with our Fig. 3 we find a great similarity between general features present in the inner equipotential surfaces of our system and the logarithmic potential when it has shape parameters close to c=a ¼ 0:5 and T ¼ 0:5 (see fig. 3 and table 5 of PL98), i.e. when the forms of both systems are approximately the same, although not the mass distributions. We find it very interesting to emphasize the presence of the resonant line (1, -2, 1), which has a strong hyperbolic character and may generate diffusion of orbits though heteroclinic intersections across the resonance. Since PL98 used a non-zero value for R c , the model is not 'scale-free' and we have to mention the energy considered by them: h ¼ ¹0:405 89. The outer shells of the g-model are very different in their resonance structure from the non-singular logarithmic potentials, and we limit the comparison between both systems to the inner equipotential surfaces. Finally, although the purpose of this paper is not the study of different cases of diffusion present in a g-model of an elliptical galaxy, we have shown (see Fig. 5 ) the behaviour of particular orbits along a whole integration over 5 Gyr. It is apparent that the diffusion, when present, is relatively weak over time-scales of 5 Gyr (3250T D , for the particular equipotential shell considered). This means that chaotic orbits in a weak cusp elliptical galaxy behave very much like regular orbits, and allow us to find approximately time-independent solutions as reported by MF96. The nearregularity of stochastic motion in triaxial potentials has been emphasized by several authors (e.g. Schwarzschild 1987; Gerhard 1993; de Zeeuw 1994) . In Fig. 5 , the analysis of 33 orbits was just designed to show the usefulness of the contour plot of dF T in determining the dynamical nature of each region of the rotation number plane, but it allowed us to extract additional information about the character of the different resonances. Thus we see that frequency map analysis is very useful for studying the orbital structure of complex systems, and helps us to understand the diffusion characteristics present in this kind of dynamical system.
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